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Permanant rotations of a heavy rigld body were discovered by Mlodzeevskill
[1] and Staude [2].

The necessary conditions for the stablility of permanent rotations of a
heavy rigid body were investigated by Grammel [3]. The sufficient conditions
for stability of permanent rotations both for a general case with arbitrary
mass distribution inside the body, and for a number of speclal cases were
derived by Rumiantsev [4]. A detalled investigation of permanent rotations
of a gyrostat moving by inertla, and of its stabllity is due to Volterra[S5].
A geometrical interpretation of the motion of a gyrostat in the latter case
was given for the first time by Zhukovskil [6]. ™e problem of distribution
of permanent axes of rotation of a heavy gyrostat has been partially solved
by Anchev [7] and Drofa [8]. The necessary and sufficient conditions of
Ftability for certain motions of heavy gyrostats were found by Rumiantsev

9].

In this work we determine the permanent axes of rotation of a gyrostat
under the action of forces resulting from a force function U , and depend-
ing only on the position of the gyrostat.

We assume that the gyrostat § consists of the rigid body S5, having a
fixed point ¢ and of the bodies S; Joined nonpermanently with & . The
angular momentum of the bodies &, in their motion with respect to the body
S, 1s assumed to be constant. We shall investigate the stability of certaln
motions of the gyrostat using the second method of Liapunov.

1. The orlentation of the rectanguliar axes O0X¥Z determine the position
of the gyrostat S with the fixed point 0 . The axes OXY¥Z are fixed in
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the body &, and coincide with the principal axes of inertia of the gyrostat
$§ moving about 1ts fixed point. The orientation of 0X¥2 refers to the
rectangular coordlnate system 0fn{ fixed in space. lLet v,, vy, vs be the
direction cosines of the (-axis with respect to moving axes I, ¥, Z ; let
A, B, ¢ be the principal moments of inertia of the gyrostat § for its
point ¢ ; let p, ¢, r be the X, ¥, Z components of the instantaneous
angular velocity of the body &, . If the angular momentum X of the rela-
tive motion of the bodles 5, 18 constant and if ¥ 1s a, function of Y1
Yz, vs only, then the motion of the gyroatat is described by the system of
six equations

au au
A3}{+(C—3)9r+qkamrkszgg'fs—gg‘rs Poq T (1.4)
it ABC
'EZ' == Mg~ ¢T3 1, 2 8 (1‘2)

Here x,, k,, ky are the X, ¥, Z components of the vector Xk ; the
remaining equations are obtained by circular permutations of the indices
displayed inside parentheses.

Equations (1.1) and (1.2) permit the three first integrals
Wy = Ap® + Bg* + Crt — 2U = const

Wi = (Ap + k)7 + By + k)1 + {Cr + kg)ys = const, Wy=1+12+yd=1

2. Reasoning as the author in {1] we shall find ocut that the gyrostat
can rotate permanently with a constant angular velocity about the fixed axis
{ . Let the direction cosines of the permanent axis with respect to the Xrz
axes be denoted a4, b, o, and let the X¥2Z components of the vector w
(v = const) be written as

p=wa, g=wb r=oc 2.1
Equations (1.1) then take the form
©* (C — B) be + © (bks — ckg) = Bac — Bsb (ABC, abe, 123)
B: (a—U-) i=1,2,3

T\ vy=a,b,¢ (=129 2.2)

and Equations (1.2) are satisfied ldentically. The system of equations {2.2)
together with the relation .
PR T T | (2.3)

can be used for determination of w, ¢, ¥, ¢ . Let us multiply Equations
{2.2) by a, b, o, respectively, and add them. The sum equals identically
zero which means that every quadruple w, a, b, ¢ which satisfies any pair
of Equations (2.2) must satisfy the third egaution as well. Consequently we
shall consider only two of the equations in the system (2.2), for example the
first and the second one, assuming at the beginning

A+BEC (2.4)
@ —2Dy0 + Ey =0, Wy — 2Dy0 + Ey = 0 (2.5)
1\ bks—ck: 1\ cky— aky
Dl:(”“?) {C—B)be?’ Dg:(_-—f)(A——C)ac
a0, b0, ¢c+0 {2.6)
— fsb Bsa — By
Ey=(—1) {————-~§“_°_ Bf’ T Ey=(—1)7—C y C,jm (2.7)

For every triple a, b, ¢ we have two quadratic equations for w and
they are equivalent only when

D, = Dy, E,=E, (28)

However, the relations (2.4) do not imply (2.8). The necessary and suf-
ficlent condition for Equations (2.5) to coincide 13 that their resultant

(By — EY? — 4 (Dy — Dy) (D1Ey — EvDyg) = 0 (2.9)
must vanish.
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Equation (2.9) in variables a, b, o has the form

{ab [ﬁ, (A — B)] + be [(B — C)B,] + ac [ﬂ, € — A2+ {ab [k3 (4 — B)] +
+ bc [ky (C — B)] + ac [k (4 — O)]} {a [Byky — PBsks] + & Bsky — Biks] +
+ ¢ [Buky — kBal} = 0 (2.10)

and 1t determines the locus of the permanent axes of the gyrostat. If we
pass a unit sphere with its center at the point ¢ , then the locus of the
points of intersection of the surface (2.10) with the sphere will be a cer-
tain curve on the sphere. A line joining any point of this spherical curve
with the origin can be & permanent axis, if the angular velocity w as
determined from Equation ?2.5) for this line, is real. The points on this
spherical curve possessing this property will be called permissible.

For example let U = const , then the locus of the permanent axes is the
second order cone
be [k (C — B)] + ac [kg (A — C)] + ab (kg (B — A)] =0
All the points of the spherical curve and the generating lines of the

cone are permissible, and the angular velocity of the permanent rotation is
found from bl ok
3 — CHg

@ —= -~ m (2.11)

If the force function is

3
U = mg (zo11 + Yors -+ z07s) -+ -2—;} (A7 4+ Bye® + Crsd)

where (x,, Vo, Zo) are the coordinates of the center of gravity, R 1s the
distance between the center of attraction and the point ¢ , then the locus
of the permanent axes is the surface

mg {ab [25 (A — B)] + be [zy (B — )] + ac [y, (C — A)]}? +

+ 3gR {ab [ky (4 — B)] + be [k, B — C)] + ac [k € — A)]P —
— mg {a [yoks — 23] + b [zohy — zeks] + ¢ [woks — yokyl} X

X {ab [ky (4 — B)] + be [k (B — C)] + ac [ky € — A)]} = 0

It U ="y + Ba¥a T Bs¥s ana ir for example 4 > 5> ¢ , and g,> O ,
Bg> O, 83> O , then the locus of the permanent axes becomes a fourth order
surface. The equation of this surface has the form (2.10) where B1s Bas
Ba= const .

Let grad U # \x . The surface (2.10) has the following generators:
1) the principal axes of inertia X, ¥, Z ; (2) the line between the points
(0, 0, 0) and (B,, Ba, Bs) . The pointe of intersection of these generators
with the sphere will be denoted respectively by x*, ¥, z*, ¢*, and diamet-
rically opposite points by X, ¥, 2=, G".

Let the solid angles made by the half-planes passing through the above
mentioned points be

8; = {X+Y*X-, X*G*X-}, 8y = {X*G*X-, X*X~Z*}
8; = {X*X-Z*, X*X-Y-}, 8= {X*X-Y-, X*X-G-}
8y = (X*X-G-, X*X-Z-}, 0 = {X*X-2-, X*X-Y*)

The angular veloecity 1s then either © =D, + VDF—E;,, or ©=D—
- V DxLEr Consequently the points of the spherical curve, contained in
the angles ©,, 8,, 8 are permissible if Z£,< O ; the points of the spheri-
cal curve contained in the angles 8,5, 6,, 84 would not be permissible when
D,= 0 , and could be permissible if D,°-E,20 .

We shall study now the problem of finding the angular velocity of gyro-
stat's rotation about the permanent axis £{a, d, ¢} .

The £-axls 1s a permanent axis if and only if the numbers 4, b, ¢
satisfy Equation (2.10) which means that they must satisfy at least one of



Permanent axe:d of protation ol g pyrostat 1299

the fowr relations
Di+ VDP—FE1=D:+ VD¢ —E; (2.12)

If the numbers a, b, ¢ satisfy one of the relations {2.12) and besides
D,?= Fy> 0, then the rotation about £ with angular velocity w can indeed
occur, and w would be equal to the left member of the corresponding equa=-
tion from (2.12). It is easily seen that 1f the numbers a, d, ¢ satlsfy
only two of the relations (2.12), then either D,= D, and F,= F,, or
D, 2w Fy= 0 or D,*— F,= 0. In the first case the gyroatat can rotate about
the £-axis in opposite directions with different angular veloclties

v=D,+VDF—[, and @,=D;— VD2 _F, In the second case the angu-
1ar velocity ahout the £~axis equals w, or w,, respectively. It can be
shown that if the numbers a, b, o satisfy three of the (2.12) relations,
then they must also satisfy the fourth one. In this case the rotation with
angular velocity o = D, about the permanent axis £{g, b, ¢} 1is possible.
One can make similar considerations without assuming (2. MS and (2.6).

3. We shall investigate the stabllity of permanent rotations of a gyro~-
stat assuming that U 1s a twice differentlable function of vy;, va, Ys -

Let) t{a, b, ¢} be an arbitrary permanent axis of rotation {a # 0, D # 0,
e #0) .
The components of the angular velocity of the body S, along the moving
axes are
Do = 02, gyg=0b ry=0c {®@ = const)

Let us introduce the notation

U o i i=1,2,3, )
( a1, )"i —abe Bi, ( a? )‘Yi —abe 8" (371-31"- )Y{, jThbe =% (] =14,2,3 i

The stabllity of the permanent rotations will be investigated with respect
to the variables P, ¢, ", vi1, Ya, Ya - Setting in the perturbed motion
Pp=ps+ & 9= q+ & r=ret ks m=a-tmn, Ya=b+n Ys=c+ 0

we obtaln the equations of the perturbed motion, which permit the following
first integrals:

(3.1)
Vi=A (&2 -+ 2pg&y) + B (B2 + 2¢,) + C (Es® + 2rEg) — 2By — 2Pane — 2PMs —
= §ymy? = 8ng? — Ogny® — 2 MyNa — 2xMgNy — 2% My . . . = const

V=4 (pony + Eia + &) + B (goma + &b + Eane) +
+ C (rons + &g + Ema) + Iy + ks + kgny = const

V=2t m? + a2+ 20 T+ o) =0 3.2
We shall construct the Liapunov function in the form [ 9]
V=V, — 20V, + AV, + Vg (3.3)
where by (2.2)
k k
A':Amzzﬁl-i;ml B"+Bz+m z__C,+Bs+0)s 3.4)
V = AE® + BE? + C§2 — 2w0Akm — 20BEm; — 20CEm, + puymy® + pane® + pgy® —

— 2u e — 2NNy — ks T . (3.5)

Here Pp= A — 8 — va?, % = —2%; + 2vab (123, abe)

The necessary and sufficient conditions for the function ¥V to be
positive-definite are, according to the Sylvester criterion, the following
inequalities:
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M — 04 > 0, (g — 0¥4) (p; — ©2B) — (#,)2 >0, (B — 0*4) (43 — @?B) (43 —*C) —
— (%)? (pg — @32C) — (%3')% (pg — ©2B) — (%5')? (0 — ©024) — 2)'%'%5" >0 (3.6)

If U=oay +ay, tay; and v :-0 , then the conditions (3.6) become
A—a@3>0, A—eB>0, A—0C>0 (3.7

as obtained previously in [7]. If the gyrostatic moment Xk 1is collinear
with the vector w , that 1s

b _ kK

2 B = T = m (3-8)
then the conditions of stability can be written in the form
B1 B2 Bs
mt5>0 mt+3e>0, m4m>0 (3.9)

The author expresses his sincere gratitude to V.V. Rumiantsev for his
valuable advice.
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